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We consider a spherically symmetric stellar configuration with a density profile ρ(r) = c
2
8piGr2
.
This configuration satisfies the Schwarzchild black hole condition 2GM
c2R
= 1 for every r = R. We
refer it as ”Planckonion”. The interesting thing about the Plankonion is that it has an onion like
structure. The central sphere with radius of the Plank-lenght Lp =
√
( 2~G
c3
) has one unit of the
Planck-mass Mp =
√
( c~
2G
). Subsequent spherical shells of radial width Lp contain exactly one
unit of Mp. We study this stellar configuration using Tolman-Oppenheimer-Volkoff equation and
show that the equation is satisfied if pressure P (r) = −ρ(r). On the geometrical side, the space
component of the metric blows up at every point. The time component of the metric is zero inside
the star but only in the sense of a distribution (generalized function). The Planckonions mimic some
features of black holes but avoid appearance of central singularity because of the violation of null
energy conditions.
PACS numbers: 04.20.Cv, 04.20.Jb, 95.30.Sf
Black holes have been discussed extensively in scien-
tific monographs[1–3] as well as popular science literature
captivating the imagination of public at large [4, 5]. Most
of the time these discussions touch upon the geometric
aspect of the black hole - its matter/energy content gets
very little attention. What is emphasized is that there
exists a central singularity and the event horizon and, be-
cause of ”no hair” theorem, the rest can be left as such.
On the other hand, the central premise of the General
Relativity (GR) tells us that the space-time geometry
”in” and ”around” a material object is fixed by the dis-
tribution of matter itself. This suggests that we must
understand a bit more about the state of matter/energy
content to fully appreciate the black holes.
In the early days the interest in black hole within
the theoretical physics community was more of academic
in nature- it was concerned primarily with the issue
of logical completion of GR . It remained as such for
a very long time. However, the scenario has under-
gone drastic change after the direct detection of grav-
itational radiation on 14th September, 2015 from the
merger of a black hole with its binary black hole com-
panion [6] . Black hole binary of masses (36.0± 4.0) M⊙
and (29.0 ± 4.0) M⊙ merged into a single black hole of
mass (62.0 ± 4.0) M⊙ and emitted gravitational radia-
tion of energy (3.0± 0.5) M⊙. Gravitational radiation is
quadrupolar in origin, and thus, in the binary merger pro-
cess there is a transient state with quadrupolar moment
which is emitted as gravitational radiation, and finally,
the merged stellar configuration settles down into a sin-
gle spherically symmetric configuration. In this process
there is reorganization of the space-time geometry, and it
is expected that there is corresponding reorganization of
matter/ energy content of the stellar configuration. Thus
it is important to understand the state in which matter is
organized in black hole as well as its precursor. The equa-
tion of state in thermodynamics provides the glimpse of
the microscopic state of matter at the macrospopic scale.
We attempt to find such an equation of state.
In General Relativity the relationship among thermo-
dynamic variables such as pressure, density and mass
for spherically symmetric stellar configuration is given
by Tolman-Oppenheimer-Volkoff ( TOV) equation [7–9].
In this letter, we investigate the TOV equation for a den-
sity profile which mimics a black hole . We have called
such a stellar configuration a ”Planckonion” for reason
explained in the text below. A spherically symmetric
stellar configuration with a density profile,
ρ(r) =
c2
8πGr2
, (1)
satisfies the Schwarzschild black hole condition
2GM
c2R
= 1,
for every r = R. The interesting thing about this stellar
configuration is that it has an onion like structure. The
central sphere of radius r = Lp, where, Lp =
√
2~G
c3
is the the Planck Length contains exactly one unit of
Planck Mass, Mp =
√
c~
2G
. Subsequently, each spherical
shell of radial width equal to Planck length, Lp, contains
exactly one unit of Planck mass, Mp. This is the stellar
configuration we call a ”Planckonion”.
The mass M(R) contained within a sphere of radius R
with the density profile,
ρ(r) =
c2
8πGr2
, (2)
2is given by
M(R) =
∫ R
0
4πr2ρ(r)dr =
c2R
2G
. (3)
Thus, the Schwarzschild black hole condition 2GM
c2R
= 1
is satisfied for any r = R. Mass contained in the central
spherical region of radius Lp,
M(Lp) =
c2Lp
2G
=
c2
2G
×
√
2~G
c3
=
√
c~
2G
=Mp. (4)
Mass contained in a spherical shell of radial width Lp
between spheres of radius r and r + Lp,
M(shell) =M(r + Lp)−M(r)
=
c2(r + Lp)
2G
− c
2r
2G
=
c2Lp
2G
= Mp. (5)
This clearly shows that the stellar configuration has
an onion like structure with a Planck mass at the Planck
length size centre, and subsequently, a Planck mass
in each spherical shell of radial width equal to the
Planck length. Note that the Planckonion can not be
compressed further because it satisfies the Schwarzschild
black hole condition for each r. The maximum mass that
can be put within a sphere of radius R, is M = c
2
2G
R.
If we increase the mass content of sphere, its radius
will also increase. This is implied by the Schwarzschild
condition. Thus the Planckonions can not have pulsation.
We study this configuration using the TOV equation.
To avoid the small denominator problem, we consider a
slightly altered density profile,
ρ(r) =
ηc2
8πGr2
, (6)
and then consider the η → 1. From onwards, we take
c = 1.
Before we write the TOV equation, we introduce the
following notations,
U(r) = −r2P ′(r)
V (r) = 1− 2GM(r)
r
X(r) = GM(r)ρ(r)
Y (r) = 1 +
P (r)
ρ(r)
Z(r) = 1 +
4πr3P (r)
M(r)
. (7)
In terms of these variables the TOV equation is,
U(r)V (r) = X(r)Y (r)Z(r). (8)
To proceed further, we assume an equation of state of
the form P (r) = ωρ(r), where the equation state param-
eter, ω is a constant independent of r. We will find ω
by solving the TOV equation. It is easy to see that for
ρ(r) = η
8πGr2
, the mass contained within a sphere of ra-
dius r is, M(r) = ηr
2G
. Thus, by substituting these values
and using the equation of state we have
V (r) = 1− η, Y (r) = Z(r) = 1 + ω. (9)
Substituting these values in the TOV equation and af-
ter doing some algebraic manipulations, we find
4ω
(
1
η
− 1
)
= (1 + ω)2. (10)
Introducing a new parameter ǫ
2
= 1
η
− 1, we find
2ωǫ = (1 + ω)2. (11)
Thus the limit, η → 1 corresponds to ǫ → 0. The
equation state parameter ω can be obtained from the
quadratic equation.
ω± = −1 + ǫ±
√
ǫ2 − 2ǫ. (12)
For ǫ = 8/3 (η = 3/7), we find,
ω− = 1/3 and ρ(r) =
3
56πGr2
.
In this case the equation state is given by P = 1
3
ρ. This
is the equation of state which is used for relativistic neu-
trons in a neutron star [7, 9].
To understand the geometric aspect, let us recall that in
GR for a spherically symmetric stellar configuration the
proper time is given by,
dτ2 = B(r)dt2 −A(r)dr2 − r2(dθ2 + sin2 θdφ2). (13)
The pressure and density appearing in TOV equation are
related to time and space components of the metric by
the equations [7, 9] ,
A(r) =
1
1− 2GM
r
, (14)
and
−2P ′(r)
P (r) + ρ(r)
=
B′(r)
B(r)
. (15)
For neutron stars it is easy to find that
A(r) = 4/7 and B(r) ≈ 1/
√
ρ(r).
This shows that time, as expected, considerably slows
down in the central region where the density is high.
However, near the boundary the matter density is lower
and we must use the non-relativistic equation of state.
The inverse square density profile, ρ(r) = 3
56πGr2
, with
equation of state, P = 1
3
ρ, solves the TOV equation but
fails to describe the neutron stars accurately.
When ǫ < 2, the equation state parameter ω develops
an imaginary part. Equation of state with such an ω
for any stellar configuration should correspond to non-
static nature of its thermodynamic state. However, we
are interested in the ǫ → 0 and would like to investi-
gate whether we can arrive at some sensible limit without
bothering about the thermodynamics. Thus ”non-static”
for us will simply refer to contraction . From the TOV
equation, it is easy to find that in this limit density, pres-
sure and its derivative do not have imaginary part, and
equation of state is simply P (r) = − ρ(r). Before, we
3comment on this equation of state, we would like to dis-
cuss what happens to the components of metric tensor
in this limit. It is clear that the space component of the
metric, A(r)→∞. However, the calculation of the time
component of the metric, B(r), is a bit more complicated.
From Eq. (14), using the equation of state P (r) = ωρ(r),
and equation Eq. (10) above, we obtain,
(lnB(r))′ = − 2P
′(r)
P (r) + ρ(r)
= −1 + ω
ǫ
(ln ρ(r))′. (16)
Now using using Eq. (11), for ǫ very very small, we get,
(lnB(r))′ = −
(
1± i
√
2
ǫ
)
(ln ρ(r))′. (17)
Considering only the positive sign within the bracket, we
can write down the solution as,
B(r)
B(R)
=
ρ(R)
ρ(r)
(
ρ(R)
ρ(r)
)i√ 2
ǫ
. (18)
Here r is any interior point of the star and R < R¯ is
arbitrary close to R¯, the point at boundary. For the
density profile in this letter,
ρ(R)/ρ(r) = r2/R2.
Thus B(r) is complex, and is a highly oscillatory func-
tion of r in the limit of ǫ→ 0. In fact, it is non-analytic
in ǫ (at ǫ = 0). Clearly, the strong limit for ǫ → 0 does
not exist. But the weak limit (in the sense of distribu-
tion/generalized function) exists, and is equal to zero in
the interior of the star (for r < R). This can easily be
seen as follows. First of all, note that [10]
limα→∞e
iαx := δ(x)
Thus Eq. (18) in the limit of ǫ→ 0 becomes,
B(r)
B(R)
:=
ρ(R)
ρ(r)
δ
(
ln
ρ(R)
ρ(r)
)
(19)
It follows that in the interior of the star (r < R), time
component of the metric B(r) can be taken to be zero in
the sense of a distribution (generalized function). How-
ever, this component of the metric at boundary does not
seem to be well defined.
Regarding the negative pressure, a few comments are
in order. It has been suggested in some publications
that negative pressure can possibly be understood as
tension [13]. In our context we understand it as follows.
The gravitational energy of a sphere of mass ”M” and
radius ”R” is of the order of, ”−GM2
R
”. For black hole
of radius RBH =
2GM
c2
, this will be of the order of,
”−Mc2 ”. Thus if this energy were radiated away before
the black hole formation, the black hole would be left
with a small fraction of the inertia ” M ”. It would
be tempting to assume that this energy is utilised in
exciting dynamical graviton modes, the other matter
particle degrees of freedom being non-dynamical at this
stage. As in the case of protons where large part of
its mass is concentrated in gluon field, we expect that
the large part of black hole mass is concentrated in
graviton field. As per Dvali-Gomez conjecture [14] this
energy is dominated by gravitons of system size wave-
length. However, there will also be gravitons of shorter
wavelength but of lesser weight in the spectrum. The
gravitons of system size wavelength in a black hole are
at their maximum packing, and are enormously large in
number. They are also very weakly interacting. As per
Dvali-Gomez picture, these system size gravitons within
the black hole undergo Bose condensation. Gravitons of
shorter wave lengrh (higher momentum) would create
local strain in the condensate. Bose condensate is
macroscopic in size but it is a single quantum state and
will certainly exhibit tension under local stretching. At
macroscopic level force in gravity is long range, central
and attractive, and falls off as inverse square, and thus,
we expect a differential stretching in the condensate. We
speculate that the emergent tension and thus negative
pressure is due to such a mechanism. This picture is
equally applicable to Planckonions.
Our aim in this letter has been to try to understand the
black holes without the appearance of central singularity.
We found that, in some sense, the ”Planckonions” with
a density profile, ρ(r) = c
2
8πGr2
serves the purpose. It
leads to a equation of the form P (r) = −ρ(r), and thus,
violates the null energy condition and prevents the ap-
pearance of central singularity [11, 12] . The space com-
ponents of the metric is infinite at every point including
the boundary. The time component is zero within the
star but only in the restricted sense of weak convergence
as explained in the text. However at the boundary, this
component of the metric remains uncertain. From the
analysis in this letter, it is clear that we can not yet des-
ignate the black holes as ”Planckonions” but some of the
features found in this work look promising.
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